This study assesses the performance of Fourier series in representing seasonal variations of the tropical rainfall process in Malaysia. Fourier series are incorporated into a spatial-temporal stochastic model in an attempt to make the model parsimonious and, at the same time, capture the annual variation of rainfall distribution. In view of Malaysia's main rainfall regime, the model is individually fitted for two regions with distinctive rainfall profiles: one being an urban area receiving rainfall from convective activities whilst the other receives rainfall from monsoonal activities. Since both regions are susceptible to floods, the study focuses on the rainfall process at fine resolution. Fourier series equations are developed to represent the model's parameters to describe their annual periodicity. The number of significant harmonics for each parameter is determined by inspecting the cumulative fraction of total variance explained by the significant harmonics. Results reveal that the number of significant harmonics assigned for the parameters is slightly higher in the region with monsoonal rains. The overall simulation results show that the proposed model is capable of generating tropical rainfall series from convective and monsoonal activities.
Introduction
The rainfall process results from the interaction of several complex elements of the atmospheric process. This intricate activity causes rainfall distributions to vary between locations, season to season and year to year. Factors contributing to the variations include the local climate and geographical and topographical conditions. For example, spatial and temporal variations of rainfall distribution in tropical regions are significantly higher than those in temperate regions. Countries of substantial size, such as the United States, Australia, Russia and China, have very prominent spatial variations.
Rainfall data are the key input in a variety of hydrological applications; however, lack and insufficiency of available data lead to the increased use of rainfall models to synthetically generate data. Since the rainfall process varies in time and space, rainfall models must be able to absorb and represent these variations. With regard to temporal variations, rainfall models normally employ different sets of parameters at different times of the year, for instance according to seasons or according to months. For spatial variations, different parameters are assigned at different locations within a large area. However, by employing these different sets of parameters, rainfall models end up with too many parameters. To capture these variations while keeping the models parsimonious, a technique often incorporated into the models is the harmonic analysis of Fourier series.
Harmonic analysis of Fourier series is a technique of decomposing the whole time series into infinite series of harmonic components and an additive term (Davis 1986) . Each component consists of sine and cosine waves where the two waves are merged into a single cosine wave. Each wave has its own amplitude (wave size) and phase angle (offset of wave). The additive term is used to assign the number of complete cycles by a wave over some defined interval. For example, the third term indicates there are three complete cycles. Every component accounts for a certain proportion of the total variance in the initial dataset.
Well-known applications of the composition of sine and cosine waves include those by Bernoulli (1700 Bernoulli ( -1782 in vibrating string studies and Euler in astronomy. Later, Joseph Fourier (1768 -1830 notably expanded and revolutionized the theoretical principles of the sine and cosine waves to solve problems concerning heat conduction. Today, the series, named the Fourier series, facilitates solving a wide range of practical engineering and science problems. Examples of hydrological applications include studies on rainfall (Guenni et al. 1996, Machiwal and Jha 2008) and streamflow (Bayazit et al. 2001) . In rainfall studies, available literature shows the applications of Fourier series mainly fall into two categories. The first applies Fourier series to investigate the pattern of spatial variation of the rainfall process within a large study region. In such studies, Fourier series are used to describe and delineate boundaries according to some characteristics (i.e. amount, mean or standard deviation) of the rainfall process. Sabbagh and Bryson (1962) used the series to define regional boundaries of the different rainfall regimes in Canada. Similar studies were conducted by Fitzpatrick (1964) in Australia, and by Kirkyla and Hameed (1989) in the United States. There are also studies that incorporated Fourier series in representing spatial variations of the model parameters. Transform models are used to simulate rainfall series within a fitted region. Woolhiser and Roldán (1986) employed this technique to represent parameters of a first-order Markov chain model, while Hutchinson (1991) adopted it for an alternating renewal model.
The second category focuses on the use of Fourier series in representing seasonal variations of the rainfall process throughout the year. Advocates of such an approach include Woolhiser and Pegram (1979) , who incorporated Fourier series to represent the seasonal variation of parameters of a two-state Markov chain model for rainfall occurrence while a mixed exponential distribution was used to represent rainfall amount. The parameters of the Markov chain were estimated using the maximum likelihood method and were then transformed to Fourier series equations. In studies by Stern and Coe (1984) , the parameters of the generalized linear model were represented by Fourier series equations. Similarly, Guenni et al. (1996) fitted Fourier series to the parameters of the rectangular pulse Poisson model, while Fadhilah et al. (2008) employed them to represent the parameters of the single-site Neyman-Scott rectangular pulse model.
In this study, the goal is to investigate the use of Fourier series in a stochastic model to address the need for a parsimonious rainfall model whilst taking into consideration the annual variation of the tropical rainfall process. Specifically, the spatialtemporal Neyman-Scott rectangular pulse (STNS) model is chosen to generate hourly rainfall series for two regions in Peninsular Malaysia. Previous studies Kilsby 2002, Leonard et al. 2007 ) showed that this space-time model is able to adequately represent rainfall processes at different time scales. The STNS model is stationary; however, Malaysia's tropical climate exhibits distinctive month to month variations of rainfall distribution (Syafrina et al. 2014a ). Thus it is necessary to allow the parameters of the STNS model to vary throughout the year by estimating each parameter on a monthly basis. Nevertheless, having 12 sets of parameters per year often leads to overfitting and abrupt changes between months. To compensate for this shortcoming, a Fourier series is employed to present the model's parameters in an attempt to make the STNS model more tractable and parsimonious. In view of Malaysia's main rainfall regime, this study is conducted for two regions with distinctive rainfall profiles within Peninsular Malaysia: one is an urban area receiving rainfall from convective activities, while the other receives rainfall from monsoonal activities. The study focuses on the hourly scale of rainfall since data at finer resolution are scarce and difficult to generate; nevertheless, these data are crucial in many studies involving flood management.
To achieve the study goal, three types of data simulation are conducted. The first is the generation of hourly rainfall series based on the original STNS model. The second set of rainfall data are generated using the proposed STNS model with the incorporation of Fourier series. Simulation results of both models are compared with the historical data. Comparison between the two models is also conducted using root mean square error (RMSE). Finally, data generation for the proposed model is conducted in order to validate the model's performance.
Methodology
The STNS model is selected to assess rainfall series within Malaysia. This model is one of the more successful spatialtemporal models for replicating rainfall series at fine resolution. Theoretically, the model is based on the Neyman-Scott rectangular pulse (NSRP), designed by Rodriguez-Iturbe et al. (1987) for single-site application. The NSRP model has undergone transformations, such as those by Islam et al. (1990) , Cowpertwait (1991 Cowpertwait ( , 1998 , Burlando and Rosso (1993) , Onof and Wheater (1993) , Calenda and Napolitano (1999) and Fadhilah (2008) , in regard to the parameter estimation process and the selection of an appropriate distribution to represent the parameters. Cowpertwait (1995) founded the STNS model, making it possible to assess rainfall spatially. The inclusion of a third moment function by Cowpertwait (1998) further enhanced the STNS model's capability in capturing extreme values of rainfall.
Since the NSRP model forms the basis of the STNS model, both models share similar temporal profiles. In the STNS model, the arrival rate of a storm origin λ is defined by the Poisson distribution, where the arrival times at any position within an area are considered the same. Each storm yields a random number of circular rain cells C (C = 1, 2, . . .) following a Poisson process with mean μ C , with the spatial location of the cells defined by a Poisson process of rate φ. These cells are different from one another, with each cell having its own radius, duration and intensity. The radius and duration are independent exponentially distributed random variables with parameters ϕ and η, respectively, while the distribution of a cell's intensity is arbitrary. Cell intensity is assumed to be consistent over the circular area bounded by the cell and throughout the duration of the cell. As a result, rain cells could be regarded as cylinders with heights represented by the intensities. The arrival times of cells after the occurrence of a storm origin is defined by an exponential distribution with parameter β, with none of the cell positioned at the storm origin. These arrival times are said to form a Neyman-Scott process. The mean number of cells per storm is assumed to relate to the cell radius and mean number of cells per unit area according to the equation μ C ¼ 2πϕφ À2 . Rodriguez-Iturbe et al. (1987) used cell duration following an exponential distribution with parameter η, while the cell intensity distribution was arbitrary. Cowpertwait (1998) proposed the use of a Weibull distribution to represent cell intensity, which delivered better results compared to the use of the exponential distribution. However, a comparative study by Norzaida et al. (2014) indicated that the STNS model with a mixed exponential distribution tended to produce better results than using a Weibull distribution. Following Norzaida et al. (2014) , this study employ a mixed exponential distribution to represent cell intensity.
The use of a mixed exponential distribution for cell intensity resulted in the STNS model having nine parameters λ; β; η; μ c ; φ; ϕ; α; θ and . The parameters and the physical processes they represent are given in Table 1 . Theoretical formations of the model and calculations for statistical characteristics of the observed data are given in Norzaida et al., (2014) .
Generation of hourly series
The process of generating synthetic hourly series is governed by five fundamental processes that define the STNS model, namely storm arrival (λ), number of rain cells per storm (μ C ), waiting time for each cell (β), cell duration (η) and cell intensity (α; ; θ). Random number generation is used to initiate each process in order to commence the simulation procedure. However, for cell intensity, only θ needs to be initiated while α is assumed constant at 0:65 and ¼ 0:25θ, based on previous studies by Fadhilah (2008) .
Historical data from years 1998-2007 are used in model construction. Synthetic rainfall data for 10 years are generated, matching the length of the observed data. The simulation process generates data based on an hourly scale; hence, for a 24-hour period (a day) there are 24 generated data points. In this study, a total of 7200 data points (i.e. 24 hours × 30 days × 10 years) is generated for months with 30 days, 7440 for months with 31 days, and 6768 for February. To ensure consistency in the results, the simulation process for each month is repeated 30 times. This is equivalent to 300 years of data simulation. Statistical properties of simulated series at the location are then compared to the observed data in order to evaluate the model's capability. Simulations are conducted at outof-sample locations. Results are then compared to the observed data for the same period at the respective locations.
Model validation is the process of assessing model performance using parameters that are estimated during the calibration process. It is an extension to the calibration process that further assesses the model's capacity in terms of efficiency and predictability. In this study, simulations of hourly rainfall series are extended for another 2 years beyond the calibration period. Simulation results are assessed by comparing with observed data for 2008/09.
Application of Fourier series
The parameter estimation procedure for the STNS model used the method of moments, aided by the Shuffled Complex Evolution-University of Arizona method (Duan et al. 1992) to ensure optimized values are attained. For a more parsimonious approach, a Fourier series is incorporated to represent the model's parameters to capture the seasonal variation of the rainfall process throughout the year. Since only five parameters λ, μ C , β, η and θ are needed to initiate the simulation process, Fourier series equations are derived only for these parameters.
The parameter set for the month m is represented by:
ΦðmÞ ¼ fλðmÞ; vðmÞ; βðmÞ; ηðmÞ; αðmÞ; ðmÞ; θðmÞg
(1)
With the incorporation of a Fourier series, the periodic component Ω m representing ΦðmÞ could be expressed in the Fourier form:
where U m represents the periodic mean of each parameter, A q and B q are the coefficients of the Fourier series, m represents a particular month (m = 1 refers to January, m = 2 refers to February, with w = 12), q is the number of harmonics, while Q is the maximum number of the harmonic, U m and the coefficients A q and B q are determined by the following equations:
Equation (2) could also be expressed in polar form:
Ã . The first stage in constructing Fourier series equations is to identify the maximum number of harmonics Q that contribute significantly for each parameter. Salas et al. (1980) selected the significant harmonics by using graphical analysis of a cumulative periodogram, while Kottegoda (1980) applied the analysis of variance technique. Cowpertwait (2006) used a stepwise regression method to obtain the significant Fourier series coefficients. In this study, the maximum number of significant harmonics is determined on the basis of the significant contributions made to the periodic components of the data.
Let the variance for each harmonic be V q ¼ 1 2 C q 2 . The cumulative sum of the variances up to and including the harmonic Q is given by
The percentage of the total variance is given by VH Q VH Qmax . A cumulative periodogram plot is a graph of P Q vs q. The cumulative periodogram P Q is defined as the explained variance yielded by the first Q harmonics:
The cut-off point to determine Q was based on the significant contribution of the total explained variance. This is done by testing each harmonic term separately and identifying the harmonic that makes the most significant improvement to the cumulative fraction of the total variance. However, in cases where there is no significant improvement by a particular harmonic, then a significant harmonic of 5 is chosen, as done by Han (2001) . With the incorporation of Fourier series, the model is named STNS (Fo).
Model development
Peninsular Malaysia experiences a humid tropical climate with rainfall occurring all year round; however, rainfall distribution differs greatly between locations and times of the year. Two monsoon winds, namely the southwest monsoon from the Indian Ocean and the northeast monsoon from the South China Sea, are largely responsible for the different rainfall profiles, especially for the eastern and western regions of the peninsula. The northeast monsoon takes place from November to the middle of March and the southwest monsoon occurs from June to September. The northeast monsoon brings heavy rain along the east coast of Peninsular Malaysia, causing severe flooding on an almost annual basis. On the other hand, the southwest monsoon is relatively dry. Between these two monsoons, there are two short transition periods occurring during mid-March-May and October-November. Throughout the transition periods, convective storms bring considerable amounts of rain mainly to the west side of the peninsula, resulting in flash floods within urban areas and townships. Convectional rains usually have short duration but are intensely laden, while monsoon rains have lower intensity but the duration is much longer, sometimes lasting for a few days.
In view of the diverse rainfall profiles and the high variability of rainfall distributions within Peninsular Malaysia, the performance of the STNS (Fo) model is assessed for two regions. The selected regions are the Damansara River basin and the Kelantan River basin. The Damansara River basin (148 km 2 ) is situated within the Klang Valley, which is the most developed and populated area in Malaysia. Unsustainable development and industrialization coupled with convective rains have contributed to the increasing occurrence of flash floods within the basin. In contrast, the Kelantan River basin (13 000 km 2 ) is agriculture-based and located on the northeast of the peninsula. Facing the South China Sea, the region's rainfall distribution is largely dictated by the monsoon northeast wind. Flooding is a norm during the monsoon season, causing substantial hardship to the residents and damage to properties (Pradhan 2009, Adnan and Atkinson 2011) .
The data used in the development of the STNS model consisted of 10 years of hourly and daily rainfall series (1998) (1999) (2000) (2001) (2002) (2003) (2004) (2005) (2006) (2007) , taken from several raingauge stations within the vicinity of each basin. Statistical characteristics from the merged data, namely hourly and daily coefficients of variation and autocorrelation function, hourly coefficients of skewness and cross-correlations between sites, are used to develop the STNS model. In the Damansara River basin, observed data are from four stations, Balai Polis TTDI, Kompleks Sukan FAS, Sekolah Menengah (P) Sri Aman and Surau Al-Syakirin. While in the Kelantan River basin, data from five stations, Kampong Aring, Ulu Sekor, Balai Polis Bertam, Dabong and Bendang Nyior, are used as input. Model parameters are determined separately for each basin and, subsequently, Fourier series equations are derived to represent the parameters. To assess the capability of the STNS (Fo) model, simulation processes are conducted at independent locations within the studied regions: Bukit Kiara in the Damansara River basin and Kampong Gemang Baru in the Kelantan River basin. The basins and the locations of the stations used are shown in Figure 1 .
Results and discussion
The estimated parameters of the original STNS model at both basins are shown in Tables 2 and 3. Based on these parameters, hourly rainfall series of 10-year length for every month are generated at the chosen sites and statistical characteristics from the results are derived. Boxplots for each statistical characteristic are constructed. Figures 2 and 3 show boxplots of the simulated series drawn against the observed data for both basins. These results are later compared to the results of the proposed STNS (Fo) model.
The second part of the study is about data simulation in the STNS (Fo) model. Model development and simulation results for each basin are in the following sections.
Damansara River basin
The number of significant harmonics for parameters λ, μ C , β, η and θ is determined by analysing the cumulative fraction of the total variance explained by the harmonics. Based on the selection criteria, the number of harmonics that contribute significantly to the total variance would increase rapidly. The cumulative fraction of total variance given by the first Q harmonics Ŧ of the parameters is shown in Table 4 , with the Ŧ that contribute significantly given in bold. For instance, the first five harmonics contribute about 99.01% of the total variance for parameter λ. Figure 4 shows a graph of Ŧ against the number of harmonics for parameter λ. Summing up, the significant harmonics for λ, β, μ C , η and θ are 5, 4, 5, 4 and 5, respectively. The findings are consistent with the highly variable rainfall distribution in Malaysia, where a significant harmonic of at least 3 is anticipated.
These results are used in equation (2) to determine Fourier series coefficients (A q and B q ) of each parameter (see Table 5 ). each statistic. Figure 5 shows boxplots of simulated series constructed against observed statistics.
The STNS (Fo) model performs rather well, with the simulated rainfall series in agreement with the observed data. The hourly mean and standard deviation ( Fig. 5(a) and (b)) match excellently with the observed data. The generated hourly mean coincides well with the bimodal pattern observed during the inter-monsoon seasons. During these periods, the basin experienced high rainfall Figure 4 . Cumulative fraction of total variance explained by each harmonic for λ in the Damansara River basin.
brought by short storms. Standard deviations were also high during the said seasons, reflecting large variations of rainfall intensity. The hourly maximum values ( Fig. 5(d) ) were adequately represented. The chart shows that the maximum values of observed data did not follow the bimodal pattern of the inter-monsoon season, while the data generated from the model are more consistent with the pattern. This corresponds with the study by Zalina et al. (2007) , which described the period of 2000-2006, and showed that the maximum values of observed rainfall in Malaysia were no longer reserved for the inter-monsoon months. Hence, the results produced are quite satisfactory considering that the maximum values of historical data were not included in the model formation. Figure 5(c) shows that the skewness of the observed rainfall distribution within the basin is quite high, echoing the high variability of convective rains. A bimodal pattern is detected with relatively low skewness recorded during the inter-monsoon seasons. The chart reveals that the STNS (Fo) model is able to capture the skewness trend quite well. Other statistical characteristics at the hourly scale, such as autocorrelation coefficient and probability of dry period, and at the daily scale, the standard deviation, skewness and maximum values, compare reasonably well with the observed data.
Kelantan River basin
Model development and assessment within the basin is identical to the study in the Damansara River basin. Significant harmonics (Table 6 ) λ, β, μ C , η and θ are 6, 5, 6, 5 and 5, respectively, and the Fourier series coefficients A q and B q for the parameters are given in Table 7 .
As before, Fourier series equations are formed based on these significant harmonics and coefficients U m , A q and B q . For instance, Equation (9) is the Fourier series equation representing parameter η. The rest of the equations could easily be formed by using Table 7 . η m ¼ 2:2913 À 0:4860 cos 2πm 12 À 0:1873 cos 4πm 12 À 0:2633 cos 6πm 12 À 0:0382 cos 8πm 12 þ 0:0062 cos 10πm 12 À 0:3641 sin 2πm 12 À 0:1631 sin 4πm 12 À 0:1775 sin 6πm 12 þ 0:2312 sin 8πm 12 À 0:0013 sin 10πm 12 (9) Simulation of hourly rainfall series is conducted for Kampong Gemang Baru. Statistical characteristics are derived from the simulation results and boxplots are constructed. Comparison of these boxplots and observed data are presented in Figure 6 . It can be seen that the STNS (Fo) model is able to generate rainfall series comparable to the observed data. The hourly mean ( Fig. 6(a) ) matches excellently with the observed data. The generated data are able to imitate the distinct pattern exhibited during the northeast monsoon season. Unlike the distribution of convective rains, monsoon rains exhibit a unimodal pattern which usually peaks during the month of December. Most of the monsoon flood incidences occurred during this period. A prominent trait of the monsoon rains is the relatively low intensity but long duration, which can be several days. This trait is reflected in the observed hourly maximum value ( Fig. 6(d) ) and daily maximum value (Fig. 6(i) ). Notice that the observed daily maximums exhibit the typical pattern, hitting the highest point in December, while the hourly maximums do not portray a particular pattern. Hence, the model has produced reasonable hourly and daily maximum estimates throughout the year, especially during the monsoon season. Such estimates are satisfactory since maximum values of rainfall in Kelantan are highly variable due to the large influence of monsoon winds coming from the South China Sea.
Other statistical characteristics at the hourly scale, such as standard deviation, coefficient of skewness, autocorrelation and maximum values, match excellently to reasonably well with observed data. The same is also true for the daily scale. The standard deviation, coefficient of skewness, autocorrelation and maximum values of the generated series are comparable to the actual data. However, the model has a tendency to overestimate the probability of a dry period at the hourly scale.
Comparing the performance of STNS and STNS (Fo) models
The performance of both STNS and STNS (Fo) models is quite similar in preserving the statistical characteristics of rainfall for both basins (Figs 2, 3, 5 and 6 ). RMSE tests are employed to compare the models' ability to match observed data. Tables 8 and 9 summarize the RMSE for each model at 
Validation of the STNS (Fo) model
The study further conducted a 2-year data simulation at both basins to validate the models. The results are summarized in the form of boxplots and compared to historical data for 2008/09 (see Figs 7 and 8) . Simulated results indicate that the model is able to preserve fairly well the statistical characteristics of observed data at both basins. In the Damansara River basin, the generated data resemble the observed data reasonably well, except for the hourly probability of a dry period, which the model has a tendency to overestimate for the whole 12 months. The result is quite unexpected, since the probability of a dry period at the hourly scale is well represented during the calibration period. The overall results for the Kelantan River basin show that the model fairly well preserves the statistical characteristics of observed data. Similarly, the hourly probability of a dry period also tends to be overestimated, especially during the northeast monsoon season. However, for both basins the model is able to adequately predict the maximum value at hourly and daily scales, although such characteristics are not included in the model formation.
On the whole, the validation results are well regarded considering there are some discrepancies between the historical data for the calibration period (1998) (1999) (2000) (2001) (2002) (2003) (2004) (2005) (2006) (2007) and the validation period (2008/09). This is supported by studies by Syafrina et al. (2014b) and Norzaida (2012) , which indicated that there is an increasing trend of annual rainfall during the period of study. 
Conclusions
Rainfall data at high resolution are very much needed in studies concerning flooding. Especially in tropical regions where rainfall is highly variable, the task of generating credible data at a fine time scale, such as hourly, is very challenging. This study is designed to assess the feasibility of using Fourier series to describe the seasonal variations of the rainfall process by representing the model's parameters throughout the year. Instead of having the parameters constant for each month, the parameters are assumed to change continuously with time over the year. Consequently, the rainfall model should be more parsimonious with a reduced number of parameters.
The proposed technique is applied to Malaysia's tropical rainfall, which is known to be very variable in time and space. The model is assessed for two regions within Peninsular Malaysia with contrasting rainfall profiles: an urban area having convective rain and a non-urban area having monsoonal rain. Data simulations are conducted for independent locations. In addition, model formation does not include data such as maximum value of rainfall and probability of dry period. A comparative study between the original STNS and the proposed STNS (Fo) model is conducted to evaluate the models' performance. Model validation is also conducted to measure the models' predictive ability.
The formation of STNS (Fo) models for both basins reveals that the number of significant harmonics that represent parameters' yearly oscillations is found to be slightly lower for convective rain compared to monsoonal rain. Results of model applications in both basins indicated that the STNS (Fo) model is able to generate rainfall series that match the observed data. The model, however, performed better for the Damansara River basin. A possible explanation for this might be that the Damansara River basin is much smaller in size, thus the estimated parameters are much more precise. Another possibility is that the "strength" of the northeast monsoon wind that brings rain to the Kelantan River basin is unpredictable from year to year. Basically, the wind stems from the monsoon surges or tropical depressions formed in the South China Sea due to the outburst of cold air from Siberia. In addition, work by Suhaila et al. (2010) showed there have been significant increases in rainfall intensity and extreme occurrence during the northeast monsoon. It is also observed that both the original STNS model and the STNS (Fo) model have a tendency to overestimate the hourly probability of a dry period for monsoonal rainfall. This issue needs further investigation in order to improve both models.
Model validation for both river basins indicates that the STNS (Fo) model is able to make commendable predictions of hourly rainfall series. The generated series preserve most of the statistical characteristics, but there are some limitations in the representation of probability of a dry period at the hourly scale. However, the maximum values at hourly and daily scales, although excluded from the parameter estimation process, are reasonably preserved by the model.
On the whole, comparisons using RMSE reveal that the performance of the original STNS and STNS (Fo) models at both basins is quite similar. The inclusion of Fourier series to represent the yearly seasonality managed to produce equivalent results despite having fewer parameters. Considering there are only slight differences, the STNS (Fo) model is a better option as it is much more parsimonious. It can be concluded that the proposed STNS (Fo) model is capable of generating tropical rainfall series from convective and monsoonal activities.
